SOME PROBLEMS IN THE THEORY OF VISCOUS JETS

V. N. Korovkin and Yu. A. Sokovishin UDC 532.52

Self-similar solutions are known [1~3] for problems on the propagation of laminar, plane
(free and semibounded) jet, e.g., source in heated space. Relations obtained in these works
have a significant disadvantage: a singularity arises as x -+ 0. This means that it is pos-~
sible to use these equations to correctly describe the flow only at large values of x. 1In
the process of finding non-self-similar solutions for jet issuing from a finite orifice, the
form of the stream function has been established and the first three terms of the series
(dynamic problem) have been obtained in an analytic form [4]. Non-self-similar thermal prob~-
lems are considered in [5, 6] where these studies [4] have been extended. However, the ques~
tion of the determination.of constants of integration and the region of convergence of the
obtained series remained open in [4-6]. The solution to the problem on the propagation of
laminar, plane (free and semibounded) jet in heated space is obtained in the present paper
for different boundary conditions of the temperature of the surrounding medium or the surface
for arbitrary Prandtl numbers.

1. Laminar boundary-layer equations for stationary, plane, incompressible fluid flow
at constant pressure in the external flow have the form [3]:

udu/dx + voul/dy = vouloy?, (1.1)
duldz -+ 9v/dy = 0, wdAT/dx + vOAT/8y = ad>AT/6y>.
The boundary conditions for free plane jet are written in the following form:

v=20u/ldy =0 at y=0,u—>0 as y-—>o0; (1.2)
B(z, +0) = 1, 8(z, —0) = 0, 8'= (T — T, — T). (1.4)
For plane, semibounded jet,

v=u=0 at y=0,u—>02a y-— o0 (1-5):

8(z, 0) = 0, O(z, 00) = 0, 6 = AT; (1.6)

90/0y|y—y = 0, B(x, 00) = 0, 6 = AT} (1.7)

0(x,0) =1, 8(x,00) =0, 0 =(T — To)/(Ty— T); (1.8)

(79/0y]y=0 = —1, e(x1 oo) =0,0= k(T - -TDO)/Qw- (1.9)

In order to determine nontrivial solution of the system (1.1) at zero boundary conditions it
is necessary to specify integral conditions which are obtained by integrating equations of
motion and thermal energy, taking into account continuity equation and boundary conditions
[1-3]:

T b [
f ourdy = Ko, | u? () udy>dy = E,; (1.10)
—o0 ’ 0 0
© T ¢ T OAT
) , d
5 puAidy = Q,, _d;juATU udy)dy: —cpﬁu 7 dy. (1.11)
—00 0 0 [}

Here u and v are velocity components; AT = T — Te, excess temperature; x and y, streamwise
and transverse coordinates; v, a, and k, coefficients of kinematic viscosity, thermal diffu-
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sivity, and thermal conductivity; p, density; q, heat flux; T, and Ty, temperatures of the
surrounding fluid at rest and the wall; T, and T., temperatures outside the jet at y = 4o
and y = —=, respectively.

2. The previously obtained solutions to the system of equations (1.1) were based on
the following similarity transformations:

1P(x'l l"l) ? 'VBJ'_lfO(n)xﬁ+11 e(x7 ﬂ) = dg(ﬂ)$5,
: z =z, n = (xv)by,
which lead to the limitations mentioned above. Consider a more general similarity trans-
formation:

Yz, m) = vEHf()p(z), B(z, ) = dn)s(z), (2.1)
=z, N = vba(z)y.

Substituting (2.1) in (1.1), we obtain
FamP0® 4 [fanpo2py — fapo (po), = 0,

1 (2.2)
T dimo®e + fdyoep, — fydpoe, = 0.
The solution to Egqs. (2.2) is written in the form
p=XP" 6 =X e = X% X = z( + /(P -+ D). (2.3)
Here the form of the resulting functions f(n) and d(n) satisfying boundary and integral con-
ditions coincides with known solutions for free (B = —*/5, § = —*/5, &§ = 0) [1, 3] and semi-

bounded jets [B = —"/,, § = —(3Pr + 1)/8Pr, 6§ = —'/,, § =0, § = ®/,] [1, 2, 7]. Further,
we find
u = vHP X g = dX® y — BB + 1)f + Bi'm1XP. (2.4)

It is possible to observe that at large x, Egs. (2.4) transform to expressions from [1-3].
Without writing out known solutions for plane jet sources, we observe only that Eqs. (2.4)
also differ from [1-~3] in the variable n:

n = (@)t + v/ -+ 1)z)by.

3. TFollowing [4-6], approximate solution to the problem is sought in the form of the
series:

L

p=vbt1 S et 0= S d(m)at-i, 3.1)
i=0

n = (&v)fy, by =p +

=0

— .

=

Substituting (3.1) in equations from system (1.1) and equating coefficients of same powers
in x, we get an infinite system of differential equations for the determination of unknown

functions:
m ” 12
fo + @+ Dffo— 2B+ f0 =0, (3.2)
o dy 4+ (B + 1) fodo — fudy = 0,
i 4 B+ 1) fofi — (4B + 2— ) fof s + Mifofs = N,
o di (B 1) fodi — (6 — 1) fods = M,
-1 )
Ni= 22 +1—C—fifis— @+ 1= DI,
=
i-1
Mi=8fidy— Mfidy + 2 (18— (0 — D fidiny — (B + 1 — Dfsdis).
. =
Here prime denotes differentiation with respect to n. The first two equations in (3.2) have

known solutions [1-3,°7]. In order to obtain higher order terms we turn to the third equa-
tion in (3.2), in which it is expedient to introduce new variables [&4]:
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fi= féj‘—yf;dﬂ, w; = 2Y;, =2
Ty

After a number of transformations not included here, it reduces to the Legendre equation

(B = _2/3)

14 14 N-
1—‘ 2 1',,—'2 i 6 i=———-—-1 (3'3)
U= 5)pi = 22p: + Oy = — 70—
and to the hypergeometric equation (B = —%/,)
4 2+8L 144N
1 —1 - — 5t U A (3.4
H i +( > S 902 (1 — 1)

The following self-similar equation [2, 3] is used here:

fO —_ Gaz’ z = th an, o = (K0/48p)1'3,

12 dz
— 2 _ 1a
fo_az’ n_a 1—z°

, o= (40E 4,

The solutions to Eqs. (3.3) and (3.4) may be expressed in the form of the sum of solutions
of the corresponding homogeneous differential equation and particular integral @:. The fol-
lowing equations are obtained using boundary conditions (1.2) and (1.5), respectively,

z

fi=e 1—22)5( k( dz—l—(p“
/ 3
P _012(11_23)5 +2/31b+3)/23 5/3, %) dz + ¢i
= —2(1 + 4i)/3, a + b =1/3,
Here Pp(z) is Legendre polynomlal of the first kind [8] limited to the interval -1 <z <1
with conditions 6i = k(k + 1), k=0, 1, 2, ..., i =1, 2, ... (consequently, i =1, k = 2

[4]1; i =7, k=6, etc.); Fla + */5, b + 2/3, 5fa, za) is hypergeometrlc function whlch can
be expressed in terms of a polynomial [8] when the following identity is satisfied:

5/6 — (V'35 + 96i)/6 = —k (3.5)

i=1, k=1 [4] correspond to the first value of i according to (3.5), 1 = 29, k = 8 corre-
spond to the second value of i, etc. We note that the constant of integration passes through
the integral condition which, in terms of the variable n, has the form

+oo

5 <2f0f1+ S\f]f‘l—J> 7]:0:

oo )2 1—3. i—j .. ¥
S(fifo + 27 2 fkfi~j_k) dn = 0.
0 =0 k=9
This indicates that the indeterminate constants will continue to appear in the series (3.1).

The particular integral for the given equation can be expressed in the form

T

¢H1=7ﬂjﬁ§;H[Wh+Wﬁ+i—ﬂhL e =7.

It is then possible to sum these up to write asymptotic expressions for ¥ and u:
. . ﬂj‘ 1 , "
‘1’=V““{f°‘”ﬁ“+?s'jﬂZm(ﬁfi"“”ifi)xﬁ- +} (3.6)
T =

w = V2Bt {f;xwﬂ + gy Dy (BN 4 (i + B F) 294 4 }
: =0

Here n = 6 for the free jet and n = 28 for the semibounded jet. The solution for temperature
is also obtained in a similar manner:
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n

1 ' .
0= dgad + B_Yﬁ A (pdin + (8 — i) d;) ad=1=1 4 , ., (3.7)

In principle, it is possible to approximate ¥, u, and 6 by higher-order terms (i > 7, i > 29)
but in doing this new undetermined constants appear and the resulting equations have an ex-
tremely unwieldy form.

Continuing the analysis, we observe that Eqs. (3.6) and (3.7), representing approximate
non-self-similar solution to the problem, following directly from Eqs. (2.4) if they are
written in the form

u = veb+ify (n (X/2)B) X2FL, 6 = dy (n(X/2)P) X°
and expanded in series

w(t) = u(0) + tu’ (0) + 412" (0) + ...

in terms of the variable t = v/(B + L)x

! - '1 ” ! .
w == vaBH1 {f g2+l | 5___‘\; i izzom (ﬁfin + (A + ) fl) z2B—it (3.8)
N 1 ’ . R
6= da® + gy 27y (Bin + (0 — 1) d) o0-1-4,

1

0

These results (3.8) make it possible to conclude that the new undetermined constants that
appear in series (i > 7, i > 29) according to (3.6) and (3.7), do not correspond to the value
of the quantity vy specified a priori. These, apparently, represent the general shortcomings
of asymptotic boundary~layer schemes. In addition, it is possible to observe that the series
(3.6) and (3.7) converge to exact solutions (2.4) for all :

v/ (B -+ D} < 1.

In order to complete the solution to the problem (1.1)-(1.11), it is necessary to deter-
mine the constant of integration y which is present in boundary and integral conditions. It
is characterized by mass flow rate per second through the initial jet section mo:

p = my/(108pvK ), ~ == mi/(160p*vE,). (3.9)

Developing analysis further, we note that the relations (2.3), (2.4), and (3.9) are self-
similar solutions [1-3] but displaced along the x axis. Physically, this means that the jet
issues from a fictitious source located within the nozzle at such a distance from the exit
section that the fluid flow rate at the nozzle section given by self-similar solution coin-
cides with actual flow rate.

4, Let us consider again the above solution for the temperature field. The energy
equation was studied while specifying integral conditions for excess enthalpy. It replaces
detailed conditions for the flow from the nozzle. However, actual jets (issuing from finite-
sized nozzles) can have different initial velocity (temperature) profile shapes. Hence it is
more interesting, apparently, to consider the temperature distribution at a certain jet sec-
tion. The solution to the energy equation in such a formulation may allow, in particular,
qualitative and quantitative description of the process of distortion of the initial tempera-
ture profile, determination of the effect of Pr, etc.

In this case, the following equation is specified in addition to Egs. (1.1), boundary
(1.2), (1.3), (1.5)-(1.7), and integral conditions (for the velocity field
AT (2, §) ez, = AT (25, y) = T. (4.1)

Here self-similarity, in general, is not present and it is necessary to solve the eigenvalue
and eigenfunction problem. The solution to the third equation of the system (1.1) is sought
in the form
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AT (z, 1) = E ciXaiGi (m). (4.2)

=9

Using the above results (4.2) to determine 64(n) we have

8 B+ 1) 10— a0 =0, (4.3)

which reduces to hypergeometric equation for the given boundary conditions (1.3) with the
help of the transformation t = tanh® an

t(i—t)ei;'+[—1—+<Pr———z—)t}9;—~g—-l’raiei:0, (4.4)

0;(1) =0, lim¢%6; = 0.
190

The solution to Eq. (4.4) can be written in the form

i = ciF(a, b, 1/2, t) + ¢, ViF(a + 1/2, b -+ 1/2,,3/2, 1), (4.5)
a+ b =1/2 — Pr, ab = 3a,Pr/2.
The second boundary condition (4.4) shows that the first integral expression (4.5) is the re-
quired solution which satisfies the first boundary condition (4.4) when a = 1 + */,. Then

a; = —{(2i + 1)(Pr + i)/3Pr. (4.6)
Keeping in view Eqs. (4.2), (4.5), and (4.6), we find

AT = 31 C; (X/X)" (1 — t)Pr F(—1, i + Pr + 1/2, 1/2, t). 4.7
i=g

Further, since Jacobian polynomials [9] are orthogonal, the constant Ci{ is determined by:

1

(2i—i—P1’—{—1/2)T(i+Pr—i—1/2)F(i+1/2)y 2R 4+ P 9 N d 4.8
Ci = Al )l (Pr+it+1) .Tot F(—tt + Pr+1/2,1/2, 8) db. (4.8)

In deriving (4.8), relation between hypergeometric functions and Jacobian polynomials [9] is
used:

P?,B(g):M_F(—i,i—l—oc—i—ﬁ—i—l,oc—l—1,—%——%5).

ol il

The above theory can be generalized even for the case of semibounded jet with boundary condi-
tions (1.6), i.e., "similar" boundary conditions for velocity and temperature, and insulated
plate condition (1.7). :

Equation (4.3) in variable (2.1) reduces to hypergeometric equation:

t(1—t) 8'{-{—[—§—+(Pr-%)t]6;——§-—aiPr6i= 0:

1) 0;(0)=0, 6;(1)=0; 2) lim¢**9; =0, 8;(1)=0.
t—=0

Here the prime denotes differentiation with respect to t = z>., The desired results are writ-

ten in the form
1) AT = D C(X/X )Y e (1 — )" F(—i, 1 4 Pr + 4/3, 4/3, t); (4.9)
=0
2) AT = 3 Ci(X/X) (1 — ) F(—1i, i+ Rr -+ 2/3, 2/3, t);
=0
(i+1) (14 3Pr+ 3i),
- 8 Pr ’

Bi+2@Pr+1i

B o= 8Pr

2) oLy = —
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Coefficients C{ are determined from orthogonality conditions for Jacobian polynomials:

1
1) €= 4; | ToF (— 1,1+ Pr+ 43, 4/3, t) dt;
[

1
2) C;=B; | Tg B F(—i, i+ Pr+2/3, 253, tyds;
0

A @it Pr 43T (E+Pr+4/3TG +4/3) .

¢ [T (&3PTE+1T i+ Pr1) ’

B (2 Pr42/3) T (14 Pr+2/3) T (4 2/3)
¢ [T @)L E-+-1)T (i +Pr41) ’

The expression for To is given in Eq. (4.1). We observe that the principal term in series
(4.2), as seen from results (4.7) and (4.9), is given by expressions which coincide with
solutions (2.4) accurate to the constant, obtained above in providing initial condition for
integral relation (1.10) and (1.11) (for the temperature field). The following terms of
series (4.2) make it possible to take into account the effect of initial temperature profile
To, while Prandtl number Pr has significant effect on subsequent asymptotics. It is inter-
esting that the constant ¢; in the self-similar solution [6] is not determined by integral
condition [when B = —*/,, § = —(3Pr + 1)/8Pr], as already mentioned in [1], except in the
case Pr = 1, when there is a general (not associated with the assumption of self-similarity)
invariant. 1f, instead of the integral condition, relation (4.1) is introduced, then the
problem, as seen from the results obtained, is completely solved.

The variation of maximum velocity along the axis of the free jet is shown in the figure
(uo is jet velocity at the initial section, d is the nozzle diameter, Re = uod/2v is the
Reynold's number, x, = 2x/dRe is the nondimensional axial coordinate [10]). The curve 3 rep~-
resents computations using Eqs. (2.4) and the points represent numerical solution [10]. A
comparison of velocity distribution u/uo computed from analytical expressions (yo = 4vy/
uod? = 0.0867) with numerical results [10], indicated their good agreement, except in the re~
gion close to 0 where Eqs. (2.4) give higher, though not contradictory, values. Self-similar
(curve 1) and approximate non-self-similar [4] [three terms of the series (3.6)] (curve 2)
analytical solutions are also shown in the figure.

In conclusion, we observe that all the approximate non-self-similar solutions found
earlier are obtained as a particular case from results of the present work.
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COLLISION OF PLANE, VISCOUS, MULTILAYERED JETS

M. V. Rubtsov UDC 532.522+532.526

In order to determine the differences in real flow with high-speed collision of metallic
plates from known [1, 2] inviscid flow, Rubtsov [3] considered the problem of symmetric im-
pingement of plane viscous jets with free boundary. The problem is solved approximately as-
suming boundary-layer corrections to inviscid flow near the free boundaries at sufficiently
large Reynolds numbers., A solution is obtained to the first approximation from simplified
correction w(®,¥) to the inviscid velocity u(e,¥) along the stream line, The simplified
equation is obtained from Navier—Stokes equations by carrying out order-of-magnitude analysis.
It is of interest to use this method to study the problem of jet collision when each jet com-
prises a number of layers with different viscosity but the same density.

1. Consider stationary inviscid flow in the region shown in Fig. 1. Two jets of equal
thickness h flow from infinity with the same velocity U at an angle y to the axis of symmetry.
The x axis is along the axis of symmetry. Consider half the flow region. The free jet con-
sists of N layers of equal density p and different viscosity uz and thickness 67, I = 1, 2,

N
«ey N, D18,=h . The flow region is limited by the x axis and two free boundaries I, and
=1
Zz. There are N — 1 boundaries in the flow region T;, Tz, ..., I'N-1. The velocity compo-

nents along x and y are denoted by u and v. Normalizing x and y by h, u, v by U, and pressure
p by pU?, Navier—Stokes equations are written in the form

du, duy op; 1

Mg T =T TR M (1.1)
av, ov, ap, 1

Uiyt Uiy == gy TR, A

Fig, 1
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